
1

Robert Mawhinney
Columbia University

Synthesizing Lattice Results for 12 Flavor QCD

Brookhaven Forum 2013
Brookhaven National Laboratory

May 2, 2013

Work done in collaboration with Xiao-Yong Jin, currently at RIKEN AICS



2

Motivation

•	 Banks and Zaks discussed the appear-
ance of an infrared stable fixed point 
in vector-like gauge theories 
(NPB 196 (1982) 189).

•	 A fundamental question about many-
flavor QCD - does this IR fixed point 
exist and for what number of flavors?

•	 Extended technicolor models need 
slow evolution of couplings (walking) 
to separate scales at which fermion 
masses are generated.
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Lattice Q C D with 8 and 12 degenerate quark flavors Xiao-Yong Jin
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Figure 8: Generic dependence of an observable with β .

3. Conclusion

We have presented considerable evidence that QCD with 8 and 12 flavors is in a chiral symme-
try breaking phase. We see a pion which behaves as a Goldstone boson for T = 0 and which does
not for finite T . Multiple dimensionful quantities are found, with mq = 0, when T = 0, inconsistent
with a conformal phase.

There is clearly a marked change in the system with 12 flavors, which we discuss in the context
of Fig. 8, which shows how an observable in lattice units changes with β . Previous N f = 8 studies
[4] argued that the cross-over could become a phase transition, due to lattice artifacts. With our
DBW2 action, this is no longer seen, rather we have a smooth, somewhat rapid, change away from
strong coupling. This change becomes considerably more rapid for N f = 12, but the system still
breaks chiral symmetry. Currently, we do not know if our simulations at weaker coupling are in
the cross-over region, or at weak enough coupling to begin to see the continuum, scaling region of
the system. Our rapid change for N f = 12 could be an indicator of walking behavior (as expected
for this large number of flavors), or just a steepened cross-over region still influenced by lattice
artifacts.

We are thankful to all members of the RBC collaboration and especially to Norman Christ
for insightful discussions. Our calculations were done on the QCDOC at Columbia University
and NY Blue at BNL. This research utilized resources at the New York Center for Computational
Sciences at Stony Brook University/Brookhaven National Laboratory which is supported by the
U.S. Department, of Energy under Contract No. DE-FG02-92ER40699 and by the, State of New
York.
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T = 0 many-flavor QCD versus β ~ 1/g2

•	 Need β > βcrossover to be continuously connected to continuum physics

•	 Irrelevant (in continuum) operators can play a large role  β < βcrossover

•	 Strong to weak coupling may be discontinuous

•	 Steepness of crossover region may be hard to distinguish from walking.
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12 Flavor QCD 
•	 6 groups with data for this subject, all using variants of staggered fermions

*	 Y. Aoki, et. al.

*	 Appelquist, Fleming, Neil

*	 Cheng, Hasenfratz, Schaich

*	 Deuzeman, Lombardo, Pallante

*	 Fodor, Holland, Kuti, Nogradi, Schroeder

*	 Jin, Mawhinney

•	 No consensus on T = 0 continuum phase, whether conformal or chirally broken

•	 We have explored system through basic low energy QCD observables and studies 
of the finite temperature phase transition using naive staggered fermions and the 
DBW2 gauge action

•	 Will give overview of our results, ask what we have learned, do some comparisons 
with Fodor, et. al. and suggest a next step in our work

•	 Almost all results shown here are from multiple volumes, so finite volume errors are 
minimal (few percent scale).
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Lattice Phase Diagram for Nf = 12 QCD

•	 For naive staggered fermions and the DBW2 gauge action, we find the following 
phase diagram for zero temperature, 12 flavor QCD 
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•	 A first order critical line ends at a second order critical point at finite β and mq

•	 Critical point at finite β and mq is lattice action dependent.

•	 What is happening across the first order line?  At the endpoint?

•	 First look at our data in support of endpoint.

•	 Then try to understand our results along with those of some other groups.
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Extrapolation of Chiral Condensate

Nf = 4 (from long ago)
Nf = 8

Nf = 12

•	 Unrenormalized, power divergent lattice 
quantity

•	 Nf = 4 and 8 extrapolate linearly 
to non-zero values.

•	 Nf = 12 at strong coupling shows 
χSB in massless limit

•	 Nf = 12 at weak coupling shows 
a rapid change in the system.
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mπ
2 vs. mf for 8 and 12 flavors, T = 0Goldstone Boson behavior �2π = 2B��

8 flavors
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Dimensionful parameter B = �ψ̄ψ�
F2

Dynamical chiral symmetry breaking
In weak couplings, B obtained by linear extrapolations almost a
constant in lattice unit for both 8 and 12 flavors

Xiao-Yong Jin (Columbia University) Lattice QCD with 8 & 12 Flavors Lattice 2010 5 / 24

•	 mπ
2 roughly linear in mq over large range - commonly seen in 2+1 flavor QCD

•	 Intercepts not precisely zero - finite volume effects, chiral logs, not χSB ...

•	 Notice slope of mπ
2 w.r.t mq largely independent of coupling β = 6/g

2
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Extrapolation of fπ

Nf = 8 Nf = 12

•	 Extrapolated fπ for Nf = 8 shows 2× change across the region of rapid evolution. 

•	 Extrapolated fπ for Nf = 12 shows ~10× change across the region of rapid evolution.

•	 Extrapolated, weak coupling fπ for Nf = 12 is non-zero.

•	 Clearly a lot is happening in this β region for 12 flavors.  What is it and how do we 
control/avoid it having an effect on the continuum physics we are after?
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Locating 12 Flavor Bulk TransitionLattice QCD with 12 Degenerate Quark Flavors Xiao-Yong Jin
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Figure 2: hȳyi (left) and fp (right) with 12 flavors. Dashed lines indicates the meta-stable signal from the
first order bulk transition, seen for both b = 0.46 and 0.4626.
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Figure 3: The evolution of hȳyi with DBW2 gauge and naive staggered fermion action. Two combina-
tions of b and mq show meta-stable evolutions with separate curves for ordered-starts (bottom curves) and
disordered-starts (top curves). The metastability is present for two different volumes.

lattice spacing, the lattice gauge field becomes rougher with increasing number of flavors. The
lattice consequently becomes a poorer approximation of the continuum. Observation of a bulk
transition is mentioned in a study of a lattice Schrodinger functional calculation [5]. For 12 flavor
QCD, with the same Wilson gauge and naive staggered fermion action, we have located the position
of a first order bulk transition at b = 4.1 and mq = 0.01 with a lattice size of 163⇥32 and the exact
HMC algorithm, as shown in figure 1b.

In our recent study of QCD with 8 and 12 flavors [3] with the DBW2 gauge and the naive
staggered fermion action, it is intriguing to see that there is no meta-stability signal, but only a
quark mass dependent, quick cross-over region. Nevertheless, the strong dependence on the quark
mass suggests that a first order bulk transition may occur with smaller quark masses than we had
been able to simulate with. Simulations with smaller quark masses became viable with algorithmic
improvements. Using the force gradient integrator, which is accurate up to the 4th order, combined
with multiple Hasenbusch mass preconditioning, we were able to use the exact HMC algorithm to
explore the smaller quark mass region.

A first order bulk transition was indeed found with 12 quark flavors at smaller quark masses,
using the DBW2 gauge and naive staggered fermion action. The location of the bulk transition
is shown in figure 2. It shows the first order, meta-stable points (those have two points at the
same b and mq), along with other values1 from our earlier simulations. In the evolution of hȳyi,
shown in figure 3, we have found meta-stable signals at two different couplings and quark mass

1In this paper, fp is normalized to be about 93MeV for QCD in physical units. Values of fp in our previous
reports [3, 4] are off by a factor of 2, because of a misunderstanding of the convention of the CPS.
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Figure 2: hȳyi (left) and fp (right) with 12 flavors. Dashed lines indicates the meta-stable signal from the
first order bulk transition, seen for both b = 0.46 and 0.4626.
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Figure 3: The evolution of hȳyi with DBW2 gauge and naive staggered fermion action. Two combina-
tions of b and mq show meta-stable evolutions with separate curves for ordered-starts (bottom curves) and
disordered-starts (top curves). The metastability is present for two different volumes.

lattice spacing, the lattice gauge field becomes rougher with increasing number of flavors. The
lattice consequently becomes a poorer approximation of the continuum. Observation of a bulk
transition is mentioned in a study of a lattice Schrodinger functional calculation [5]. For 12 flavor
QCD, with the same Wilson gauge and naive staggered fermion action, we have located the position
of a first order bulk transition at b = 4.1 and mq = 0.01 with a lattice size of 163⇥32 and the exact
HMC algorithm, as shown in figure 1b.

In our recent study of QCD with 8 and 12 flavors [3] with the DBW2 gauge and the naive
staggered fermion action, it is intriguing to see that there is no meta-stability signal, but only a
quark mass dependent, quick cross-over region. Nevertheless, the strong dependence on the quark
mass suggests that a first order bulk transition may occur with smaller quark masses than we had
been able to simulate with. Simulations with smaller quark masses became viable with algorithmic
improvements. Using the force gradient integrator, which is accurate up to the 4th order, combined
with multiple Hasenbusch mass preconditioning, we were able to use the exact HMC algorithm to
explore the smaller quark mass region.

A first order bulk transition was indeed found with 12 quark flavors at smaller quark masses,
using the DBW2 gauge and naive staggered fermion action. The location of the bulk transition
is shown in figure 2. It shows the first order, meta-stable points (those have two points at the
same b and mq), along with other values1 from our earlier simulations. In the evolution of hȳyi,
shown in figure 3, we have found meta-stable signals at two different couplings and quark mass

1In this paper, fp is normalized to be about 93MeV for QCD in physical units. Values of fp in our previous
reports [3, 4] are off by a factor of 2, because of a misunderstanding of the convention of the CPS.
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•	 Very clear signal for a bulk transition, with stability for thousands of MD time units

•	 Where does it end?  Is there a second order critical point?
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Scalar Singlet Meson
•	 Measure in both ordered (weak coupling side) and disordered (strong coupling) phases

•	 Linear extrapolation in both phases produces a consistent endpoint, where mσ = 0. 

m

mq

σs
σs
⇡
⇡

•

•

•	 With mσ < mπ in some region of the phase diagram, extrapolations (ChPT or 
others) require care.

•	 How far must one be from this second order critical point, to see continuum physics?

•	 How does the large scale change through the bulk transition effect our interpretation 
of simulation results?

•	 Details of this transition are almost surely lattice action dependent, but is there 
something universal to learn here?
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12 Flavor QCD Phase Diagram for Staggered+DBW2
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•	 Green points are strong/
weak coupling phase at 
β = 0.4626, i.e. nearest to 
second order endpoint

•	 Blue points are farther 
from second order end-
point, i.e. they have 
smaller bare quark mass-
es

•	 In weak coupling phase, 
smaller bare quark mass 
gives larger mπ/fπ mπ/mρ

•	 There are (at least) two continuum 
limits possible

•	 Likely second order endpoint at 
finite β gives a free scalar field 
theory.
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12 Flavor QCD Phase Diagram for Staggered+DBW2
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Bare Quark Mass Dependence of mπ/fπ

m⇡ f⇡
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Change (mq, β) for (mπ, mρ)0

0.05

0.1

0.15

0.2

0.25

0.3

0 0.01 0.02 0.03

m
2 

mq

N = 32,  = 056
N = 8,  = 056

0

0.05

0.1

0.15

0.2

0.25

0.3

0 0.01 0.02 0.03

m
2 

mq

N = 32,  = 049
N = 8,  = 049

N = 32,  = 046

0



0 

m
q



0



0 

m
q



8 flavors 12 flavors

1st order
finite T
transition

?

T
T

0.5 1 1.5 2 2.5

0

0.2

0.4

0.6

0.8
0

1

2

3

4

5

1/mρ

12f Phase Diagram

mπ/mρ

m
π/f π

12f bulk trans.
12f β = 0.46o
12f β = 0.48
12f β = 0.49

•	 Decreasing mq at 
fixed β has not 
(yet?) caused mπ/mρ 
to decrease.

•	 There may be some 
slight curvature for 
mπ/mρ for smallest 
quark masses at  
β = 0.4
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Universality?0
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•	 Include Fodor, et. 
al. β = 2.20 data.

•	 At much smaller 
lattice spacing, but 
pion is not light in 
physical units.

•	 See similar ef-
fect: decreasing 
bare quark mass 
at fixed β does not 
take mπ to 0.
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Check mρ/fπ
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This is scaling well in 1/mρ and is larger when mπ/mρ increases
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order bulk transition, weak coupling side (ordered-started) and strong coupling side

(disordered-started) are labeled with O and D, respectively. The critical endpoint

is located near the data points with β = 0.4626. In the figure, the length of the

vertical line attached to each symbol represents m⇡/f⇡, and its position on the

bottom layer shows the value of m⇡/m⇢ versus the corresponding 1/m⇢. Dashed lines

are polynomial extrapolations inspired by spontaneous-chiral-symmetry-breaking

(SχSB) behaviors,

m2
⇡ = c0mq(1 + c1mq) , (2)

m⇢ or f⇡ = b0 + b1mq + b2m
2
q , (3)

acted on each individual channel separately. Assuming SχSB behaviors, 1/m⇢ needs

to be increasingly larger, with the coupling weakening, to observe the ratios decrease

as a result of vanishing m⇡. On the other hand, if the theory does indeed have an IR

fixed point, ratios in the infinite volume limit should approach constant values with

di↵erent couplings, as 1/m⇢ ! 1, while all the dimensionful quantities vanish in the

conformal limit. Therefore, smaller quark masses would have stronger di↵erentiating

power to tell the true behavior of the system.

m⇡ f⇡ β
β

β
β
β
β
β
β

m⇢

m⇡ m⇢

m⇡ f⇡

Fig. 5. Comparing dimensionless ratios with results from Fodor et al.

9
and LatKMI

10

To compare our results with results from other groups, we have included recent

12-flavor resultse from Fodor et al.9 and LatKMI,10f in Figure 5. Although results

of di↵erent groups are from di↵erent lattice actions, there is the universal behavior

to be learned from the similar behaviors within the parameter space that has been

explored. Apparently, both ratios, m⇡/f⇡ and m⇡/m⇢ are not changing noticeably

as 1/m⇢ increases with fixed β within the parameter space limited by the computing

resources. However, this behavior is not di↵erent from the behavior of m⇡/f⇡, shown

in Fig. 3(a), for a system with 8 flavors. On the other hand, the ratios do seem

to approach a universal continuum limit at 1/m⇢ ! 1, if the tendency continues

without alteration in the region with small quark masses.

e
Results from the largest volume available are taken, and the finite volume e↵ects are small.

f
Values of f⇡ from LatKMI are normalized by dividing

p
2.

Add in Data of LatKMI Collaboration
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Misleading Simple Scaling Plot
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12f β = 0.49 (Jin−Maw)
12f β = 2.2, (Kuti, et.al)

•	 Observe a relatively consistent pattern between 2+1 flavor, 8f and 12f.  (Note, unsure 
of normalization of Fodor, Kuti, et. al. fπ.)

•	 2+1 flavor points have mπ/fπ decreasing with mq

•	 8 flavor points do not change even when mq changed by 3×

•	 12 flavor points have mπ/fπ increasing with mq, as we have just seen.
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Add 8f QCD to 12f (mπ,mρ) Phase Diagram
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•	 Also see decreasing mq decreases mρ without any change in mπ/fπ
•	 General consensus is the 8f is not conformal, so 8f data should move toward mπ = 0
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Summary
•	 We have a clear understanding of the location of the lattice artifact, bulk transition for 

12f QCD with naive staggered fermions and the DBW2 gauge action.

•	 There is a rapid scale change across the transition and we see confined, massive par-
ticle states for all simulations done to date.

•	 We have located the critical endpoint and see that the scalar meson mass vanishes 
there

•	 Moving to small bare quark mass, at fixed β, on the weak coupling side of this transi-
tion is decreasing the hadronic scales (mρ and fπ) so rapidly, that mπ/fπ is increasing

•	 Chiral perturbation theory analysis requires a small quark mass and hadronic scales 
that are not strongly dependent on quark masses.

•	 The quark mass at the critical endpoint of the lattice artifact transition gives us a hint 
of the size of quark masses, at that β, that can wildly distort continuum physics.  It 
may not be surprising that much lighter quark masses, at that β, are required to see 
χSB physics (Goldstone mode, etc.), if it exists.

•	 The existing lattice data does not constrain the zero quark mass extrapolation.


